A simple and robust method able to predict, with high accuracy, the optical properties of single and multilayer nanostructures is presented. The method exploits a COMSOL Multiphysics simulation platform and it has been validated by three case studies with increasing numerical complexity: i) a single thin layer (20 nm) of Ag deposited on a glass substrate; ii) a metamaterial composed of five bi-layers of Ag/ITO (Indium Tin Oxide), with a thickness of 20 nm each; iii) a system based on a three-materials unit cell (AZO/ITO/Ag), but without any thickness periodicity (AZO stands for Al 2 O 3 /Zinc Oxide). Numerical results have been compared with experimental data provided by real ellipsometric measurements performed on the above mentioned nanostructures ad-hoc fabricated. The obtained agreement is excellent suggesting this research as a valid approach to design materials able to work in a broad spectrum range.
I. INTRODUCTION
In the last years, the complexity of systems focus of materials science and experimental physics is gradually increasing to the point that an analytical approach to the theoretical modeling is always more leaving the field to its numerical counterpart. This trend in research is thus promoting the evolution of comprehensive numerical packages that provide an extremely accurate description of physical processes. Within the portfolio of experimental characterization techniques, it is remarkable what a detailed insight can be acquired when performing a spectroscopic ellipsometry of thin films and bulk materials, and determination of general optical material characteristics. Indeed, after design and realization of a specific system, an ellipsometric characterization typically represents a crucial testbed providing a validation of the expected functionalities or helpful hints for improvement. At this stage, a trial-and-error procedure to achieve the desired target very often results in numerous attempts. Considering the vast range of applicability of ellipsometry, the possibility of implementing this technique as a reliable numerical method, able to a priori predict the result of the real experimental analysis before performing it, evidently results extremely convenient. This is especially true when the focus of the study is a complex nanostructured system whose fabrication can be largely time-consuming and expensive. Here, we present a novel method, implemented in the COMSOL Multiphysics, providing a comprehensive ellipsometric analysis of general multi-layer systems with extreme freedom of design in terms of thickness, composition and number of layers. For each considered system, the proposed numerical ellipsometric analysis (NEA) 1 allows calculating the main optical quantities of interest for different polarization and angle of incidence.
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II. RESULTS AND DISCUSSION
In order to validate the effectiveness of the NEA modeling, numerical predictions have been compared with results of measurements performed on the corresponding real samples. Several multi-layer systems have been designed, fabricated and characterized by an experimental ellipsometric analysis.
The first and simplest system is a single Ag layer deposited on a glass substrate (20nm thickness). The following system is a hyperbolic metamaterial made of a stack of five alternated Ag/ITO bi-layers (ITO stands for Indium Tin Oxide) with the single bilayer having a thickness of 40nm (20/20). The third system is characterized by a three-materials unit cell repeated three times. The unit cell is made of Al 2 O 3 doped Zinc Oxide (AZO), ITO and Ag. In order to get the numerical task more difficult, each of the three cells constituting the system has different thickness for each layer. All samples have been experimentally fabricated by exploiting a DC sputtering technique. Then, for all cases the experimental reflectance, transmittance and ellipsometric angles Ψ and ∆ have been measured by means of a M-2000 ellipsometer (J.A. Woollam). Figures 1a and 1b respectively show the directly measured reflectance and transmittance, as well as the corresponding numerical curves provided by the NEA simulation for the first case study. The reflectances, R p and R s curves, are measured and calculated by considering an incident angle θ i = 50 • , while the transmittance was measured and simulated at normal incidence. The minimum value at about 330nm in the reflectance curves (and the related maximum in the transmittance ones) is referred to as the Ferrel-Berreman mode for a silver nanometric layer.
The difference of about 20% between the amplitude of experimental and simulated curves is due to the presence of the glass substrate in the real sample, partially considered in the simulated case. Indeed, in order to optimize the computational time the size of the glass in the simulation was decreased to 1200nm instead of the real 1.1mm. The result only differs in absolute values but not in the general trend of the curves. Apart from that, model has been conducted on a hyperbolic metamaterial (HMM) that, by alternating lossy metal layers to dielectric ones, acquires particular optical features. Thickness and composition of the nanolayers can be opportunely designed in order to exploit unusual optical properties in a desired spectral range. In fact, the particular design and choice of sizes and constitutive materials leads to the epsilon-near-zero-and-pole (ε N ZP ) HMM, allowing extraordinary light confinement properties. The proposed HMM system is sketched in the inset of Figure 2b and is composed of five Ag/ITO bilayers, characterized by a fill fraction of 50%. Figures 2a and 2b show, respectively, the experimental and numerical reflectances (R p , R s ) and transmittance (T ) calculated by the NEA model together with the comparison between experimental and numerical Ψ and ∆ for the same sample (Figures 2c-2d ). Also in this case, all measured quantities find an impressive agreement with the numerical counterpart. Figures  2e and 2f also report the electric field maps respectively for an s-pol and a p-pol wave at λ = 390nm, where it is well evident how the p-pol wave is able to penetrate more efficiently through the HMM structure than in the s-pol case, being transmitted by the medium in accordance with the metamaterial prediction. A further and more complex test of the NEA model has been performed by considering the third system where every kind of thickness periodicity is absent. This choice reflects a more typical experimental situation with different thicknesses of all involved layers and materials. The sample is composed of a unit cell of three materials, Ag, ITO and AZO, repeated three times, whereas the thickness of each layer is different (see inset of Figure 3b ). Starting from the glass substrate, the layers thicknesses are: 19 nm (Ag), 15 nm (ITO), 15 nm (AZO), 20 nm (Ag), 21 nm (ITO), 16 nm (AZO), 23 nm (Ag), 27 nm (ITO) and 15 nm (AZO). Figure 3 reports the results related to this sample; the agreement between experiments and simulations is quite remarkable also in this case. 
III. CONCLUSIONS
In this contribution, we propose a solid numerical tool exploiting the COMSOL Multiphysics platform able to predict the optical behavior of real case studies. The tool has been validated in presence of systems with increasing structural complexity, ranging from single metal layers to aperiodic multi-layers. The resulting comprehensive optical and ellipsometric analysis of considered nanoscale structures has shown an excellent agreement between numerical and experimental curves depicting the main optical features as reflectance, transmittance, as well as the ellipsometric angles Ψ and ∆. This confirms the effectiveness of the tool as a significant instrument for nanotechnology design and fundamental research in nanoscience.
METHODS: THE NUMERICAL ELLIPSOMETER
In order to implement the numerical ellipsometer analysis (NEA) of single or multi-layered systems in COM-SOL, the geometry shown in Figure4a is to be considered. An electromagnetic plane wave impinges on a generic multi-layer system from the superstrate (typically air), with a specific incident angle and polarization state (spolarization (TE) or p-polarization (TM)). Light interacting with the structure is then collected through both its substrate (typically glass) and superstrate, permitting to compute the optical quantities of interest (transmittance (T), reflectance (R), Brewster angle, field maps and so on). This is done by solving the frequency-domain partial differential equation (PDE) that governs the E and H fields associated with the electromagnetic wave propagating through the structure. Later on, from the field values, the relevant quantities can be derived. Indeed, in case of a standard ellipsometric analisys, we have to measure the ratio ρ = r p / r s , where r p and r s are the complex Fresnel coefficients related to the square roots of the reflectances for the two different polarizations, R p = r p = Re( r p ) and √ R s = r s = Re( r s ). Being ρ a complex quantity, it can be written also as tan(Ψ)e i∆ . Thus, tan(Ψ) is related to the amplitude ratio upon reflection (Ψ = arctan(r p /r s )), whereas ∆ represents the phase shift between the two components (∆ = φ p −φ s ). 2, 3 Since ellipsometry is measuring the ratio (or difference) of two values (rather than their absolute values), it is very robust, accurate and reproducible. ∆ is evaluated with the following equation: ∆ = [ (ln r p / r s ) + π].
In order to simulate the behavior of TE (s-pol) and TM (p-pol) polarized light in a 2D environment, it is necessary to properly write the components of the electromagnetic fields with respect to the incidence plane (xy). To select the s-polarization in COMSOL, an "out of plane" configuration has to be used (E = (0, 0, 1)), while to select the p-polarization, the user has to set the "in plane wave-vector" scheme; in this case the magnetic field has to be used as H = (0, 0, 1). In a 3D simulation, the incident plane corresponds to the xz plane and the polarizations are set accordingly: E = (0, 1, 0) for s-pol or H = (0, 1, 0) for p-pol. To optimize the computation FIG. 4. a) The main structure of the NEA model, it is realized from a parallelepiped divided in layers that constitute the superstrate, the layer of materials and the substrate. (b) Here it is shown the application direction of the periodic boundary condition from periodic port. (c) A sketch of the mesh directly controlled from the physics, the larger part are meshed with a normal weave while for the small parts has been used a fine mesh weave. Figure readapted from ref [1] time of the NEA calculation, Floquet periodic boundary conditions (PBCs) have been set to all boundaries of the geometry (x and y directions), paired two-by-two (Figure 4b ). Another way to optimize the computation process consists in parallelizing the solvers by introducing two "frequency domain studies", able to solve the electromagnetic equation for both s-and p-polarized light simultaneously. An important role in the numerical system is carried out by the mesh that discretizes the problem. COMSOL gives the opportunity to set it as controlled by the physics, by selecting the option "physics-controlled the mesh" in "physics study" menu. A "normal mesh" is automatically generated by the software, depending on the minimal size present in the system, compared with the incident wavelength Figure 4c .
